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Abstract. The extraction of the S-wave kaon–nucleon scattering lengths a0 and a1 from a combined analy-
sis of existing kaonic hydrogen and synthetic deuterium data has been carried out within the framework of
a low-energy effective field theory. It turns out that with the present DEAR central values for the kaonic
hydrogen ground-state energy and width, a solution for a0 and a1 exists only in a restricted domain of
input values for the kaon–deuteron scattering length. Consequently, measuring this scattering length im-
poses stringent constraints on the theoretical description of the kaon–deuteron interactions at low energies,
if supplemented with DEAR data on kaonic hydrogen.

PACS. 36.10.Gv; 12.39.Fe; 13.75.Cs; 13.75.Jz

1 Introduction

Recently, the DEAR collaboration at LNF-INFN has per-
formed a measurement of the energy level shift and width
of the kaonic hydrogen ground state [1] with a consider-
ably better accuracy than the earlier KpX experiment at
KEK [2]. The preliminary result of DEAR is

ε1s = 193±37 (stat)±6 (syst) eV ,

Γ1s = 249±111 (stat)±30 (syst) eV . (1)

As can be seen from the above result, the accuracy is still
tens of eV in the energy shift and more than 100 eV in the
width. Now DEAR is being followed by the SIDDHARTA
experiment that will feature new silicon drift detectors.
The plans of the SIDDHARTA collaboration include the
measurement of both the energy shift and the width of
kaonic hydrogen with a precision of several eV, i.e. at the
few percent level, by 2007. Moreover, SIDDHARTA will
attempt the first ever measurement of the energy shift of
the kaonic deuterium with a comparable accuracy and pos-
sibly, kaonic helium and sigmonic atoms.
The necessity to perform measurements of the kaonic

deuterium ground-state observables is justified by the fact
that, unlike in the case of pionic atoms, the measurement
of only the kaonic hydrogen spectrum does not allow –
even in principle – to extract independently both S-wave
K̄N scattering lengths a0 and a1. This happens because
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the imaginary parts of these scattering lengths do not van-
ish in the isospin limit, being determined by the decays
into inelastic strong channels πΣ, π0Λ, · · · Consequently,
one attempts here to determine four independent quanti-
ties (real and imaginary parts of a0 and a1) that requires
performing four independent measurements – e.g., the en-
ergy level shifts and widths of kaonic hydrogen and kaonic
deuterium. However, even though it is clear that a0 and
a1 can not be determined separately without measuring
kaonic deuteron, it is still not evident whether it is pos-
sible to do so if one performs such a measurement. The
reason is that the (complex) kaon–deuteron amplitude at
threshold, which is directly determined from the experi-
ment and which is expressed in terms of a0 and a1 through
the multiple-scattering series, is generally plagued by sys-
tematic uncertainties due to a poor knowledge of the low-
energy kaon–nucleon dynamics. Thus, we have to under-
stand in advance, whether these uncertainties are small
enough not to hinder a determination of a0 and a1 from the
forthcoming SIDDHARTA experiment. This is the main
purpose of the present paper.
The kaon–deuteron scattering process has been ex-

tensively studied in the past within potential (multiple-
scattering) approaches (see, e.g. [3–6]). To our knowledge,
up to now the most detailed investigation of the prob-
lem within an effective field theory (EFT) framework is
carried out in [7] on the basis of the so-called chiral uni-
tary approach. In the present paper we undertake a new
investigation of the problem within a systematic field-
theoretical approach which, at the lowest order, is for-
mally similar to that of [7]. In addition to the previous
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studies, in this paper we also consider different sources of
the systematic error in the calculations, and try to give
– whenever possible – a crude estimate of the theoretical
uncertainty.
The main difference of the present article to previous

work is, however, that the existing approaches were ex-
clusively concentrated on the prediction of the K−d scat-
tering length from the input K̄N scattering lengths. We
are not aware of the “reversed” analysis in the literature,
where the K̄N scattering lengths are determined from the
input data of kaonic hydrogen and deuterium ground-state
shift and width. However, this is exactly the type of the
analysis that will be required in the near future for the
SIDDHARTA data. In this paper – in the absence of any
experimental data – we use “synthetic” data and show that
the reversed calculations, owing to the non-linear depen-
dence of the kaon–deuteron amplitude on the K̄N scat-
tering lengths, turn out to be much more sensitive to the
theoretical input on the deuteron structure and the kaon–
deuteron interactions, than a straightforward evaluation of
theK−d scattering length through the multiple-scattering
series. This fact could potentially render a combined analy-
sis of the hydrogen and deuterium data a beautiful testing
ground for different EFT descriptions of the low-energy
kaon–deuteron interactions and, as a result, might enable
one to accurately determine the values of the scattering
lengths a0 and a1.
The paper is organized as follows. In Sect. 2 we consider

the extraction of the complex kaon–deuteron scattering
length from the data on kaonic deuterium. The multiple-
scattering series for the kaon–deuteron scattering ampli-
tude is studied in Sect. 3 and the issue of isospin breaking
is addressed in Sect. 4. Further, in Sect. 5 the numerical re-
sults of the simultaneous analysis of the existing kaonic hy-
drogen and synthetic kaonic deuterium data are presented
and discussed. Section 6 contains our conclusions.

2 Kaonic deuterium

In the experiments on hadronic atoms one measures the
energy levels and widths of this sort of bound states. At
present, there exists a well established systematic proced-
ure for extracting the values of the pertinent hadronic
scattering amplitudes at threshold from these measure-
ments, based on non-relativistic effective Lagrangians
(see e.g. [8–13]). In particular, the case of the kaonic hy-
drogen has been addressed in [12]. The calculation of the
ground-state energy of kaonic deuteron is completely anal-
ogous to the derivation of the Deser-type formula in the
case of pionic deuterium, which was carried out in [13] – we
do not repeat this derivation here. However, as first pointed
out in [14], in the case of kaonic atoms one should in add-
ition check whether the relatively large decay widths of
these atoms leads to a conflict with the use of the Rayleigh–
Schrödinger perturbation expansion for the energy levels.
In that article it is proposed to estimate the quantity τEd1s,
where τ denotes the lifetime and Ed1s the binding energy
for the ground state. Should it turn out that this product

is of order one, using Rayleigh–Schrödinger perturbation
theory would be questionable.
The lifetime of kaonic deuterium is determined by the

imaginary part of the K−d scattering length. In the ab-
sence of any reliable experimental information, we use the
crude estimate ImAKd � 1 fm which is consistent with the
analysis of [15]. The decay width and the ground-state
binding energy at lowest order in the fine-structure con-
stant α are given by

Γ d1s =
1

τ
� 4α3µ2r ImAKd � 1.2 keV ,

Ed1s �
1

2
µrα

2 � 10.4 keV . (2)

This yields τEd1s � 8.6, which is still large enough to justify
using perturbation theory (here, µr denotes the reduced
mass of the kaon–deuteron system).
The (complex) kaon–deuteron scattering length AKd

can be extracted from the future SIDDHARTA data by
using the Deser-type formula at next-to-leading order in
isospin breaking, which is the same as in [13]

εd1s− i
Γ d1s
2
=−2α3µ2r AKd

×
{
1−2αµrAKd (lnα−1)+ · · ·

}
, (3)

where the ellipsis stands for small contributions which can
be neglected at the accuracy we are working. On the other
hand, since τEd1s is not very large, it is not excluded that
the corrections at next-to-next-to-leading order in isospin
breaking (which are expected to amount to a few percent)
should also be taken into account, when the accuracy of
SIDDHARTA data is close to the planned one. It is, how-
ever, well known that such calculations can be performed
in a straightforward manner within the non-relativistic
EFT and hence, no uncontrollable systematic error finally
emerges at this place. One may therefore safely assume
that the quantity AKd is directly determined from the
experiment.

3 Multiple-scattering series
for the kaon–deuteron amplitude

The main purpose of the present paper is to investigate
whether the measurement of the quantity AKd, along with
the K−p elastic scattering amplitude at threshold that is
separately determined in the experiment on kaonic hydro-
gen, enables one to extract precise values of a0 and a1.
The first step is to express AKd in terms of a0 and a1 (and
possibly, other physical parameters characterizing the low-
energy K̄N interaction) within themultiple-scattering the-
ory. This procedure can be appropriately formulated by
using the language of effective non-relativistic Lagrangians
(see, e.g. [13, 16, 17]) that, in addition, allows one to sys-
tematically calculate the corrections. However, a strong
predictive power of the non-relativistic approach is in fact
based on a very subtle balance of different momentum
scales involved in the problem [13, 22]. Namely, in this ap-
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proach the couplings of the effective Lagrangian are easily
expressed in terms of the threshold parameters of the ele-
mentary K̄N interactions and the perturbative expansion
of the kaon–deuteron scattering amplitude corresponds to
the usual multiple-scattering series. In analogy with the
case of the pion–deuteron system one would, however, ex-
pect that the three-body low-energy constant (LEC),which
describes contact interaction between the kaon and two nu-
cleons, is strongly enhanced and, since the value of this LEC
is unknown, this leads to a large systematic error in the
predicted kaon–deuteron scattering length [13, 16, 17]. On
the other hand, if one uses the EFT with non-perturbative
pions based on the Weinberg counting rules (see [24] for
a recent review), both the dimensional analysis and res-
onance saturation [13], as well as the study of the scale
dependence [22, 23] carried out in the pion–deuteron case,
indicate on a rather small uncertainty due to the three-
body interactions – at the cost of the fact that now the
expansion of the pion–deuteron scattering length should
be carried out in chiral perturbation theory (ChPT) and
not in terms of the threshold parameters of the underlying
πN scattering amplitudes. The latter property may lead
to even more serious problems in the kaon–deuteron case,
owing to the non-perturbative character of the low-energy
K̄N interactions and the necessity of using the chiral uni-
tary approach (see, e.g. [18–21]). The solution to the above
dilemma lies in the observation of a certain hierarchy of
various contributions in the theory with non-perturbative
pions, which could be described by the so-called modi-
fied power counting [22]. The existence of such a hierarchy,
which can be traced back to the suppression of the diagrams
with the creation/annihilation of virtual pions, indicates
that the structure of the theory closely resembles that of the
non-relativistic theory up to the three-body contact terms,
whose value has to be determined from the matching of
these two theories. Further, from the direct comparison of
the expressions of the pion–deuteron scattering lengths cal-
culated within these two approaches onemay conclude that
the lowest-order three-bodyLEC in the non-relativistic the-
ory can be effectively omitted, if the deuteron wave func-
tion, calculated in the EFT with non-perturbative pions,
is used to evaluate matrix elements in the non-relativistic
EFT. Below, we shall use this simple prescription for esti-
mating the value of the three-body LEC in the case of the
kaon–deuteron system as well.
The pion–deuteron and kaon–deuteron systems differ

in one crucial aspect. As it is well known (see, e.g. [7] and
references therein), the multiple-scattering series for the
kaon–deuteron scattering does not converge and requires
a (partial) re-summation. This can be done most simply
by using the so-called fixed center approximation (FCA),
in which the nucleons are considered to be infinitely heavy.
The validity of this approximation has been studied both
in the potential scattering theory (see e.g. [25, 26]) and in
the EFT approach [27]. In [7] (see also references therein)
it is argued that FCA can be a reasonable approximation
even for MK/mp � 0.5. This fact should be related to the
peculiar cancellations at second order, which are discussed
in [25, 27] (here, MK and mp denote the masses of the
charged kaon and the proton, respectively). In the second-

order calculations in the non-relativistic EFT, which we
have carried out, it is indeed possible to analytically verify
the cancellation of the corrections to the FCA at lead-
ing order in MK/mp (here, one can use the correspond-
ing analytic expressions from [13] after the substitution
Mπ →MK). Moreover, it should be pointed out that in
this theory the “binding corrections” [25] should be also
included in the second-order term and, as a result, the can-
cellation occurs in both isospin channels and not just in
one as in [27]. Numerically, utilizing dimensional regular-
ization, we find that the corrections turn out to be of order
of 20− 30% for the kaon–deuteron system and of order
of a few percent in the pion–deuteron system. We expect
these numbers to further decrease if the wave functions cal-
culated in EFT with non-perturbative pions are used in
the calculations. Note that, to the best of our knowledge,
there exists no proof of cancellations beyond second order,
but from e.g. the comparison to the exact solution of Fad-
deev equations [5] (see also the discussion in [7]) one may
conclude that the numbers quoted above give a realistic es-
timate of the theoretical error due to FCA at all orders.We
separately mention the detailed discussion in [26], where it
has been pointed out that large corrections to FCA might
emerge due to the presence of the nearby sub-threshold res-
onance in the K̄N channel. It should however, be stressed
that the EFT approach which is used in the present paper
provides an appropriate tool for a systematic calculation
beyond the FCA, as well as the inclusion of higher-order
(derivative) interactions. Note that this last effect might
also be sizable in some cases – e.g., the authors of [26]
find the D-wave contribution to the imaginary part of the
kaon–deuteron scattering length as large as 20%. In order
to provide a sufficient theoretical accuracy for analyzing
SIDDHARTA results, going beyond FCA and including
higher-order terms might be absolutely necessary.
Using the FCA in the non-relativistic EFT and neg-

lecting derivative interactions, we arrive at the expression
for the kaon–deuteron scattering length, which is formally
similar to the one from [7]:
(
1+
MK

Md

)
AKd =

∫ ∞

0

dr (u2(r)+w2(r)) âkd(r) , (4)

where Md is the deuteron mass, u(r) and w(r) denote
the usual S- and D-wave components of the deuteron
wave function, which are normalized via the condition∫∞
0 dr (u

2(r)+w2(r)) = 1, and

âkd(r) =
ãp+ ãn+

(
2ãpãn− b2x

)
/r−2b2xãn/r

2

1− ãpãn/r2+ b2xãn/r
3

+ δâkd

(5)

with b2x = ã
2
x/(1+ ãu/r). Further,
(
1+
MK

mp

)
ap,n,x,u = ãp,n,x,u , (6)

where ap,n,x,u denote the threshold scattering amplitudes
for K−p→K−p, K−n→K−n, K−p→ K̄0n and K̄0n→
K̄0n, respectively. Finally, the quantity δâkd is propor-
tional to the three-body LEC fK0 , which is a counterpart of
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the quantity f0 introduced in [13]. As discussed above, one
may assume that fK0 vanishes, if the deuteron wave func-
tions u(r) and w(r) are those calculated in the EFT with
non-perturbative pions. We have further carried out the
dimensional estimate of the resulting uncertainty, which
yields a few percent theoretical error in the kaon–deuteron
scattering length. Thus, the whole procedure is consistent.
The calculations with the deuteron wave functions of

the non-relativistic EFT, which at the leading order are
given by

u(r) =
√
2γ e−γr, w(r) = 0 , γ2 �mpEd , (7)

are more subtle (here Ed denotes the binding energy of
the deuteron). Namely, expanding (5) in the multiple-
scattering series corresponding to an expansion in powers
of 1/r and integrating this term-by-term, it is immedi-
ately seen that the subsequent terms diverge worse and
worse as r→ 0. This means that the pertinent integrals re-
quire renormalization and are scale dependent (see e.g. [13,
16, 17]). On the other hand, the integral before such an
expansion is well-defined and does not have any scale de-
pendence. It is however, clear that the uncertainty which
is related to the existence of (large) three-body contact
interactions can not simply disappear as a result of the
re-summation of the multiple-scattering series. To solve
this puzzle, note that the non-relativistic theory makes
sense only for the momenta |p| � λ, with λ being of the
order of the pion mass. Hence, in order to effectively mimic
the effect of the short-range physics, one could straight-
forwardly perform cutoff regularization of the multiple-
scattering series and study the cutoff dependence of the
calculated kaon–deuteron scattering length after the re-
summation of the series (even now the limit λ→∞ ex-
ists). This can be done most easily through the replace-
ment 1/r→

{
1− exp(−λr)

}
/r in (5). Further, in order to

relate the value of λ to the scale µ of dimensional regular-
ization, which is usually used in the non-relativistic EFT,
we calculate the mean value of the operator 1/r between
the wave functions given by (7) twice: once using dimen-
sional regularization with minimal subtraction and once
using cutoff regularization. The comparison of these two
results gives λ=

√
eµ � 1.65µ (where e denotes the basis

of the natural logarithm), so that the interval 100MeV≤
µ ≤ 250MeV, which was fixed in [13], is mapped onto the
interval 165MeV≤ λ≤ 412MeV. Note also that, if instead
of the wave functions (7) the wave functions from the EFT
with non-perturbative pions are used, the calculated kaon–
deuteron scattering length has practically no λ dependence
for 165MeV ≤ λ ≤∞. This shows that it is consistent to
use an “unregularized” 1/r operator together with these
wave functions, because the necessary cutoff is provided by
the wave function itself.

4 Isospin breaking

Equation (5) contains four different combinations of the
threshold amplitudes. Consequently, one has first to re-
late these amplitudes to the two scattering lengths a0 and

Table 1. K̄N scattering lengths a0 and a1 (in fm) from the lit-
erature. These scattering lengths are used as an input in the
calculations of the kaon–deuteron scattering length

Ref. a0 a1

Meißner, Oller [19] −1.31+ i 1.24 0.26+ i 0.66
Borasoy et al., fit u [20] −1.48+ i 0.86 0.57+ i 0.83
Oller et al., fit A4 [21] −1.23+ i 0.45 0.98+ i 0.35
Martin [28] −1.70+ i 0.68 0.37+ i 0.60

a1, which should then be determined from the analysis of
the combined data on kaonic hydrogen and deuterium. In
this work we take into account the leading-order isospin-
breaking corrections in the kaon–nucleon scattering am-
plitudes which are due to the unitary cusps [12]. The re-
summation of the bubble diagrams leads to the following
simple parameterization:

ap =
1
2 (a0+a1)+ q0a0a1

1+ q02 (a0+a1)
, an = a1 ,

ax =
1
2 (a0−a1)

1− iqc2 (a0+a1)
, au =

1
2 (a0+a1)− iqca0a1

1− iqc2 (a0+a1)
,

(8)

where

qc =
√
2µc∆, q0 =

√
2µ0∆,

∆=mn+MK̄0−mp−MK ,

µc =
mpMK

mp+MK
, µ0 =

mnMK̄0

mn+MK̄0
, (9)

with mn, MK̄0 being the masses of the neutron and the
K̄0, respectively. Further, in the calculations we have used
the input scattering lengths evaluated within various ver-
sions of the so-called chiral unitary approach [19–21], as
well as the experimental values from [28]. Table 1 collects
these input values. Note that for us it is not possible to
straightforwardly use the scattering lengths (isospin basis)
from [7, 18], since the definition of these scattering lengths
(in the isospin limit) differs from the one, which is used
here or in [19–21]. In particular, in [7, 18] a0, a1 are deter-
mined from the K̄N scattering amplitude with CM energy
taken atK−p threshold, whereas the masses of all particles
in the isospin limit are taken equal to the average masses
in the isospin multiplets1. Note that, in contrary to this,
the usual definition of the scattering lengths in the isospin
limit of QCD plus QED implies that the CM energy is set
exactly equal to the threshold energy.

5 Numerical results and discussion

Tables 2, 3 and 4 contain our results of the calculations
of the kaon–deuteron scattering length with the use of

1 We are thankful to E. Oset and J. Oller for a clarifying dis-
cussion on this and other related topics.
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the above formulae. In particular, in Table 2 the results
obtained by using the leading-order deuteron wave func-
tion in the non-relativistic EFT (see (7)) are displayed
for different values of the cutoff parameter λ (or, equiva-
lently, µ). Table 3 contains the results obtained by using
the Paris and Bonn potential model wave functions as
well as the deuteron wave functions calculated at NLO
in the EFT with non-perturbative pions for two differ-
ent values of the cutoff parameter Λ, which is present in
this theory. From Table 2 one sees – as expected from [13,
16, 17] – a rather strong dependence of the calculated
kaon–deuteron scattering length on the cutoff parameter
λ, which has not disappeared after carrying out the re-
summation of the multiple-scattering series. On the other
hand, the dependence on the parameter Λ in Table 3 is
very weak (cf. with [22, 23]) and all wave functions in
this table yield practically the same result, which in most
cases – except for the input from [21] – coincides with
the result of 2 somewhere around µ =Mπ. Consequently,
this yields an useful “rule of thumb” for a rough esti-
mate of the value of the three-body LEC fK0 in the non-
relativistic EFT.

Table 2. Kaon–deuteron scattering length AKd (in fm), calculated by using (4) and
(5) (setting δâKd = 0) and the input from Table 1. The deuteron is described by
the wave function in (7). The values of the regularization parameter λ shown in
this table correspond to the following values of the dimensional regularization scale:
µ= 100MeV; µ=Mπ; µ= 250MeV; µ=∞ (cf. with [13])

Ref. λ= 165MeV λ= 231MeV λ= 412MeV λ=∞

[19] −1.35+ i 1.58 −1.31+ i 1.42 −1.21+ i 1.24 −1.07+ i 1.13
[20] −1.63+ i 1.39 −1.56+ i 1.24 −1.41+ i 1.08 −1.25+ i 0.99
[21] −1.30+ i 1.08 −1.30+ i 0.96 −1.18+ i 0.82 −1.01+ i 0.75
[28] −1.70+ i 1.26 −1.61+ i 1.14 −1.46+ i 0.99 −1.31+ i 0.90

Table 3. The same as in Table 2, but with the deuteron wave functions calculated in
the Paris and Bonn potential models as well as at NLO in EFT with non-perturbative
pions for two different values of the cutoff parameter: NLO(1) stands for Λ= 450MeV
and NLO(2) for Λ= 600MeV. The parameter λ is set to∞

Ref. Paris Bonn NLO (1) NLO (2)

[19] −1.29+ i 1.66 −1.28+ i 1.65 −1.29+ i 1.66 −1.30+ i 1.67
[20] −1.55+ i1.48 −1.54+ i 1.47 −1.55+ i 1.48 −1.56+ i 1.49
[21] −1.10+ i1.10 −1.10+ i 1.09 −1.09+ i 1.10 −1.11+ i 1.11
[28] −1.66+ i 1.28 −1.65+ i 1.27 −1.66+ i 1.28 −1.67+ i 1.29

Table 4. Isospin-breaking corrections to the Kd scattering length for different input
values of a0 and a1. NLO EFT wave functions are used for the deuteron. The label
“sym” refers to the scattering length evaluated in the isospin symmetry limit

Ref. NLO(1), sym NLO (1) NLO(2), sym NLO(2)

[19] −1.26+ i 1.65 −1.29+ i 1.66 −1.27+ i 1.66 −1.30+ i 1.67
[20] −1.48+ i 1.46 −1.55+ i 1.48 −1.50+ i 1.47 −1.56+ i 1.49
[21] −0.85+ i 1.00 −1.09+ i 1.10 −0.87+ i 1.01 −1.11+ i 1.11
[28] −1.64+ i 1.22 −1.66+ i 1.28 −1.66+ i 1.24 −1.67+ i 1.29

Finally, in Table 4 we show the effect of the isospin
breaking on the theoretical value of the kaon–deuteron
scattering length. Bearing in mind the large isospin-bre-
aking corrections in the K̄N amplitudes [12] as well as
in the pionic deuterium [29], it is a little surprising that
in most cases – again except the input from [21] – the
leading-order isospin-breaking effect at the end turns out
to be very small. Note also that the large isospin-breaking
corrections, which are quoted in [7], most probably result
from the peculiar definition of the scattering lengths in the
isospin limit, which is adopted there.
Next, we turn to the main goal of the present paper:

how does one extract precise data of the kaon–nucleon
scattering lengths a0 and a1 from the combined measure-
ments of the (complex) ground-state energy in the kaonic
hydrogen and kaonic deuterium, which are carried out by
the DEAR/SIDDHARTA collaboration? Let us start from
the kaonic hydrogen case, for which the preliminary results
of the measurements are already known. These measure-
ments alone do not suffice to determine the values of both
a0 and a1, but yield a relation between these two quanti-
ties that leads to a strong restriction on the possible values
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that a0 and a1 can take. In order to understand how this
restriction emerges, let us consider the expression for the
ground-state energy of the kaonic hydrogen at next-to-
leading order in isospin breaking [12],

ε1s−
i

2
Γ1s =−2α

3µ2c ap
{
1−2αµc(lnα−1) ap

}
. (10)

With the help of this equation one may directly extract the
quantity ap from the DEAR data. Using now (8) to relate
the quantities ap and a0, a1 we obtain

a0+a1+
2q0
1− q0ap

a0a1−
2ap
1− q0ap

= 0 . (11)

Together with the requirement Im aI ≥ 0, I = 0, 1, which
stems from unitarity, (11) defines a circle in the (Re aI,
Im aI)-plane. Part of this circle is shown in Fig. 1 (note
that, bearing in mind the preliminary character of the
DEAR data [1], we use only central values in order to illus-
trate the construction of the plot and do not provide a full
error analysis). In order to be consistent with the DEAR
data, both a0 and a1 should be on the right of this univer-
sal DEAR circle. For comparison, on the same figure we
also indicate (much milder) restrictions, which arise, when
KpX data are used instead of DEAR data. The values of
a0 and a1, plotted in this figure, are taken from Table 1.
As we see, in most of the approaches it is rather problem-
atic to get a value for a0 which is compatible with DEAR.
This kind of analysis may prove useful in the near future,
when the accuracy of the DEAR is increased that might
stir efforts on the theoretical side, aimed at a systematic
quantitative description of the K̄N interactions within the
unitarized ChPT.
Further, from (11) one may determine e.g. a1. Substi-

tuting this expression into (4), (5) and (8), one arrives at
a non-linear equation for determining a0 with a given in-
put value of AKd. In the absence of experimental data on
kaonic deuterium, we adopt the following strategy to solve
this equation. In the literature, we find different theoretical
calculations of theKd scattering length. We consider some
of them, namely the results of [4, 5, 26, 30], as synthetic ex-
perimental data and solve the corresponding equation with
respect to a0. For completeness, we also present the re-
sults which are obtained from the same synthetic deuteron
data together with the old KpX data on kaonic hydrogen,
ε1s = 323 eV, Γ1s = 407 eV [2]. Note also that our solution
includes only central values of the input kaon–deuteron
and kaon–proton amplitudes. At this preliminary stage it
is natural to postpone the full error analysis, until the SID-
DHARTA data on the kaonic deuterium become available.
We start with the deuteron wave function in the non-

relativistic EFT, which is given by (7). The results for the
extracted scattering lengths a0 and a1 are given in Table 5,
where we had to choose a rather small value of the cut-
off parameter λ= 132MeV corresponding to µ= 80MeV.
From this table one already sees the main property of the
solutions: due to a highly non-linear form of the equation
which determines a0 and a1, the solutions do not always
exist (at least for those values of these scattering lengths
which can be termed physically reasonable). Note that this

Fig. 1. Restrictions set by the DEAR data on the values of
the scattering lengths aI, I = 0, 1 (thick solid line). For compar-
ison, we give the scattering length calculations from different
analyses: 1) Meißner and Oller [19], 2) Borasoy, Nißler and
Weise, fit u [20], 3) Oller, Prades and Verbeni, fit A4 [21], 4)
Martin [28]. The dashed line corresponds to the restrictions, ob-
tained by using KpX data instead of DEAR data

mainly concerns the solutions which are obtained using
DEAR input. The KpX data turn out to be much less
restrictive. For example, if we increase the value of the
parameter µ even up to 100MeV, the sole solution with
DEAR input in Table 5 disappears, whereas the solutions
with KpX input are still present. Note also that we have
analyzed more synthetic input than is finally shown in
Table 5: for most of the input values of the kaon–deuteron
scattering length which are known in the literature, there
exists no solution for a0 and a1.
Bearing in mind the results in (5), it is not surpris-

ing that, using the wave functions calculated an NLO in
the theory with non-perturbative pions, the solutions exist
only with the KpX input. The corresponding results are
shown in Table 6.
One might finally ask the following question: how large

should the kaon–deuteron scattering length be so that a so-
lution for a0 and a1 exists at all? In order to answer this
question, we have scanned the (ReAKd, ImAKd)-plane in
the interval −2 fm < ReAKd < 0 and 0.5 fm < ImAKd <
2.5 fm and tried to find solutions, using DEAR input data.
The results of this investigation, which are displayed in
Fig. 2, are very interesting: it turns out that the solutions
exist only if ImAKd � 1 fm andmoreover, if ImAKd � 1 fm
then one finds solutions only in a very small interval around
ReAKd �−1 fm. Some representative solutions are shown
in Table 7. We wish to also note that all this agrees with
the scattering data analysis, carried out in [15]. If ImAKd
crosses the border of the shaded area in Fig. 2 continuously
from below, then on the same branch one gets the solu-
tion with Im a1 ≤ 0 that is forbidden by unitarity. This is
the reason, why the imaginary part of the scattering length
a1, which has been obtained by using DEAR input data,
is so small (see Table 7) – the synthetic data were chosen
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Table 5. The scattering lengths a0 and a1, obtained from a simultaneous analysis of DEAR
(KpX) data and the synthetic input for theKd scattering length. The deuteron wave function
is described by (7) and the regularization parameter λ= 132MeV

Input AKd DEAR KpX

−1.34+ i 1.04 [4] a0 =−1.27+ i 0.36 a0 =−1.34+ i 0.63
a1 = 1.19+ i 0.09 a1 = 0.01+ i 0.55

−0.85+ i 1.10 [5], Faddeev Eq. − a0 =−1.40+ i 0.82
a1 =−0.09+ i 0.07

−0.75+ i 1.12 [5], FCA − a0 =−1.41+ i 0.84
a1 =−0.10+ i 0.01

−0.78+ i 1.23 [30] − a0 =−1.43+ i 0.82
a1 =−0.04+ i 0.01

−1.80+ i 1.55 [26] − a0 =−1.60+ i 0.63
a1 = 0.88+ i 0.12

Table 6. The same as in Table 5, but with the NLO EFT wave functions and λ =∞. Only
KpX input is displayed, since there are no solutions with DEAR input

Input AKd Λ= 450MeV Λ= 600MeV

−1.34+ i 1.04 [4] a0 =−1.36+ i 0.59 a0 =−1.35+ i 0.60
a1 = 0.10+ i 0.63 a1 = 0.07+ i 0.62

−0.85+ i 1.10 [5], Faddeev Eq. a0 =−1.41+ i 0.80 a0 =−1.41+ i 0.80
a1 =−0.04+ i 0.08 a1 =−0.05+ i 0.08

−0.75+ i 1.12 [5], FCA a0 =−1.42+ i 0.82 a0 =−1.42+ i 0.82
a1 =−0.04+ i 0.03 a1 =−0.05+ i 0.03

−0.78+ i 1.23 [30] a0 =−1.44+ i 0.80 a0 =−1.44+ i 0.80
a1 = 0.01+ i 0.03 a1 = 0.00+ i 0.03

Fig. 2. The region in the (ReAKd, ImAKd)-plane where solu-
tions for a0 and a1 exist. The cutoff parameter is Λ= 600MeV.
For comparison, we also show the results of calculations of
the kaon–deuteron scattering length from Table 3 (filled dia-
monds), the synthetic data from Tables 5 and 6 (squares) and
our representative solutions from Table 7 (circles)

to be close to the border. On the other hand, the pos-
ition of this border should be sensitive to the higher-order
corrections in the multiple-scattering series for the kaon–

Table 7. Representative solutions for a0 and a1 using the NLO
EFT wave functions together with DEAR input and ReAKd �
−1 fm, ImAKd � 1 fm

AKd Λ= 450MeV Λ= 600MeV

−1.10+ i 1.00 a0 =−1.25+ i 0.38 a0 =−1.24+ i 0.38
a1 = 1.06+ i 0.00 a1 = 1.02+ i 0.03

−0.80+ i 0.90 a0 =−1.07+ i 0.43 a0 =−1.06+ i 0.42
a1 = 0.44+ i 0.07 a1 = 0.42+ i 0.08

deuteron scattering length. One thus expects that these
corrections could affect the (small) imaginary part of a1.
In conclusion we note that – as directly seen from

Table 6 – the region, where the solutions exist, must be
much larger in the case of the KpX input than for the
DEAR input for the kaonic hydrogen. One namely expects
that in the case of theKpX input the shaded area in Fig. 2
covers a large part of the plot.

6 Conclusions

The message of our investigation is very clear. Up to now,
in the theoretical description of the deuteron we have re-
stricted ourselves to the lowest-order expression in the non-
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relativistic EFT (derivative interactions are neglected) and,
in addition, worked in the limit of infinitely heavy nucle-
ons (FCA). We believe that these approximations repre-
sent a good starting point for the description of the kaon–
deuteronscattering length.Moreover, in thenon-relativistic
EFT the corrections are systematically calculable.
Within the approximations described above it turns

out that the combined analysis of DEAR/SIDDHARTA
data on kaonic hydrogen and deuterium is more restric-
tive than one would a priori expect. In particular, we see
that solutions exist only in a rather small area of the
(ReAKd, ImAKd)-plane. Due to this fact, in certain cases
it might be possible to pin down the values of a0 and a1 at
a reasonable accuracy, even if AKd itself is not measured
very accurately. Moreover, if the corrections to the lowest-
order approximate result, as expected, are moderate, they
should not change the qualitative picture. In our opinion,
it could prove very useful to perform the calculations of
these corrections before starting to analyze the forthcom-
ing SIDDHARTA data since, as one may conclude from the
discussion in the present paper, exactly these corrections
constitute the largest potential source of theoretical uncer-
tainty at present. On the other hand, crude estimates show
that the uncertainty, coming from the short-range QCD
dynamics (three-body LEC) is rather small and should not
likely hinder the analysis of the future SIDDHARTA data
on the kaonic deuteron. Note also that the above conclu-
sion concerns DEAR input only. The analysis using KpX
input turns out to be much less restrictive and therefore
less informative than with the DEAR input.
To summarize, one may expect that the combined

analysis of the forthcoming high-precision data from
DEAR/SIDDHARTA collaboration on kaonic hydrogen
and deuteriumwill enable one to perform a stringent test of
the framework used to describe low-energy kaon–deuteron
scattering, as well as to extract the values of a0 and a1 with
a reasonable accuracy. However, in order to do so, much
theoretical work related to the systematic calculation of
higher-order corrections within the non-relativistic EFT is
still to be carried out.
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